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Estimating the Low-Speed Downwash Angle on an Aft Tail

W. F. Phillips,¤ E. A. Anderson,† J. C. Jenkins,‡ and S. Sunouchi§

Utah State University, Logan, Utah 84322-4130

A closed-form analytic solution for the downwash induced on an aft tail by the main wing of an airplane is
presented. This in� nite series solution is based on Prandtl’s classical lifting-line theory and accounts for the effects
of wing planform shape, as well as tail position and vortex rollup. The results obtained from the present analysis
reduce to the known solution for an elliptic wing. Results for a tapered wing are also presented. This in� nite series
solution applies only to a main wing with no sweep or dihedral. However, an approximatecorrection is presented,
which can be used with some caution for swept wings. Results obtained from this analytic solution are compared
with other methods and experimental data.

Nomenclature
Bn = coef� cients in the in� nite series
b = wingspan
b0 = wingtip vortex spacing
CLw = wing lift coef� cient
cw = wing chord
RAw = wing aspect ratio
Vy = upwash velocity
V1 = magnitude of the freestream velocity
x = axial coordinate
Nx = dimensionlessaxial coordinate, 2x=b
y = normal coordinate
Ny = dimensionlessnormal coordinate, 2y=b
z = spanwise coordinate
Nz = dimensionlessspanwise coordinate, 2z=b
® = angle of attack
0 = spanwise section circulation distribution
0wt = wingtip vortex strength
°t = strength of shed vortex sheet per unit span
"d = downwash angle
µ = change of variables, spanwise coordinate
·b = wingtip vortex span factor
· p = tail position factor
·s = wing sweep factor
·v = wingtip vortex strength factor
3 = quarter-chordwing sweep angle

Introduction

T HE downwash induced on an aft tail by the main wing has a
signi� cant effect on the trim and static stability of an airplane.

This downwash decreases the effective angle of attack for the hor-
izontal tail and reduces its effectiveness in stabilizing the airplane.
The downwash varies along the span of the horizontal tail and is
affected by the planform shape of the wing, as well as the presence
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of the fuselage and nacelles. To obtain an accurate estimate for this
interactionbetween the main wing and the tail, we must make use of
computer simulations and/or wind-tunnel tests. Such methods are
always employed in the later phases of the airplane design process.
However, for the purpose of preliminary design, it is useful to have
an approximate closed-form solution for estimating the downwash
inducedon the tail by the main wing. Such an approximate solution
can be developed by assuming that the � ow-� eld in the vicinity of
the airplane is affected only by the main wing.

Prandtl’s classical lifting-line theory1;2 provides a closed-form
solution for the spanwise distribution of vorticity generated by a
� nite wing. If the circulation about any section of the wing is 0.z/,
and the strength of the shed vortex sheet per unit span is °t .z/, as
shown in Fig. 1, then Helmholtz’s vortex theorem requires that the
shed vorticity is related to the bound vorticity according to

°t .z/ D ¡d0

dz
(1)

For the special case of an elliptic wing, Prandtl’s lifting-line theory
gives a very simple closed-form solution for the spanwise distribu-
tion of bound vorticity,

0.z/ D 2bV1CLw

¼ RAw

s

1 ¡
³

2z

b

´2

(2)

By the use of Eq. (2) in Eq. (1), the spanwise distribution of shed
vorticity for an elliptic wing is

°t .z/ D 4V1CLw

¼ RAw

.2z=b/p
1 ¡ .2z=b/2

(3)

When this vorticity distribution is used and the rollup of the shed
vortex sheet ignored, it is readily shown that the downwash angle
"d along the x axis far behind an elliptic wing, reduces to

"d .x; 0; 0/ D
x ! 1

2CLw=¼ RAw (4)

The downwash angle computed from Eq. (4) has long been recom-
mended as a � rst approximationfor predicting the downwash on an
aft tail (See, for example, Perkins and Hage3 or Nelson4 ). This ap-
proximationhas three shortcomings.First of all, it does not account
for variations in the position of the tail relative to the main wing.
In addition, it does not account for rollup of the shed vortex sheet.
Finally, it does not account for variations in the planform shape of
the main wing.

The rollupof the shed vortex sheet affects the downwashon an aft
tail because it affects the proximity of this vorticity to the tail. The
downwash angle computed from Eq. (4) is based on the assumption
that the vortex � laments trailing downstream from the wing are all
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Fig. 1 Prandtl’s model for the bound vorticity and the trailing vortex
sheet generated by a � nite wing.

Fig. 2 Schematic of the vorticity rollup behind a � nite wing with
elliptic planform shape.

straight and parallel to the freestream � ow, as shown in Fig. 1. In
reality, the vorticity trailing from each side of the wing will roll
up around an axis trailing somewhat inboard from the wingtip, as
shown in Fig. 2. Within two to three chord lengths behind the wing,
the vortex sheet becomes completely rolled up to form the wingtip
vortices.5¡8

Early experimental and theoretical investigations of wing
downwash9¡14 eventually led to the development of a widely used
empirical relation15 for the downwash induced on an aft tail by a
tapered wing. The result accounts for the effects of tail position, as
well as variations in both aspect ratio and taper ratio of the main
wing. This relation is still frequently used for preliminary calcu-
lations (for example, Roskam,16 Etkin and Reid,17 or Pamadi18 ).
Recently, McCormick19 proposed an analytical vortex model that
accounts for the rollup of shed vorticity, as well as variations in the
position of the tail relative to the main wing. However, this model
is based on an elliptic main wing and does not account for other
spanwise variations in chord length.

The presentpaper presents an analyticalmodel for the downwash
induced on an aft tail by a main wing having arbitrary spanwise
variation in chord length. This model is based on the in� nite series
solution to Prandtl’s classical lifting-line theory and, thus, can be
directly applied only to a main wing with no sweep or dihedral. An

approximatecorrectionis also presented that can be used with some
caution to account for the effects of sweep in the main wing.

Downwash Aft of an Unswept Wing
The well-known in� nite series solution to Prandtl’s classical

lifting-line equation applies to a single � nite wing with no sweep
or dihedral, having an arbitrary spanwise variation in chord length.
This solution is based on the change of variables

z D ¡ 1
2
b cos.µ/ (5)

The variation in section circulation along the span of the wing, as
predicted by this solution, is

0.µ/ D 2bV1CLw

¼ RAw

1X

n D 1

Bn

B1
sin.nµ / (6)

For a complete presentationof Prandtl’s lifting-line theory, see, for
example, Anderson,20 Katz and Plotkin,21 McCormick,22 or Bertin
and Smith.23

Historically, the coef� cients in this in� nite series solution have
usually been evaluated from collocationmethods. Typically, the se-
ries is truncated to a � nite number of terms, and the coef� cients in
the � nite series are evaluated by requiring the lifting-line equation
to be satis� ed at a numberof spanwise locationsequal to the number
of terms in the series. A very straightforwardmethod was � rst pre-
sented by Glauert.24 The most popular method, based on Gaussian
quadrature,was originallypresentedby Multhopp.25 Most recently,
Rasmussen and Smith26 have presented a more rigorousand rapidly
converging method, based on a Fourier series expansion similar to
that � rst used by Lotz27 and Karamcheti.28

By the use of Eqs. (5) and (6) in Eq. (1), the spanwise variation
of shed vorticity is

°t .µ/ D ¡4V1CLw

¼ RAw

1X

n D 1

Bn

B1

n cos.nµ/

sin.µ/
(7)

The downwash distribution that is predicted directly from Eq. (7)
is not accurate in the region behind the wing. This is because the
development of Eq. (7) is based on the assumption that the vortex
� laments trailing downstream from the wing are all straight and
parallel to the freestream� ow, as was shown in Fig. 1. In reality, the
vorticity trailing from each side of the wing will roll up around an
axis trailing slightly inboard from the wingtip, as is shown schemat-
ically for an elliptic wing in Fig. 2.

The rollup of the vortex sheet trailing behind each semispan of
the wing can be viewed as a result of the vortex lifting law (see
Saffman29 ). This vortex lifting law requires that, in any potential
� ow containingvortex � laments, a force is exerted on the surround-
ings that is proportionalto the cross product of the local � uid veloc-
ity with the local � lament vorticity. Because a free vortex � lament
cannot support a force, the cross product of the local � uid velocity
with the local � lament vorticity must be zero at every point along a
free vortex � lament. This means that all free vortex � laments must
everywhere follow the streamlinesof the � ow. Thus, the free vortex
� laments trailing behind each semispan of the wing will follow the
streamlines and rollup about the center of vorticity shed from that
semispan. Within a few chord lengths behind the wing, the vortex
sheet becomes completely rolled up to form the wingtip vortices.
This rollup has a signi� cant effect on the downwash.

Each wingtip vortex is generated from the trailing vortex sheet
produced by one-half of the wing. Therefore, a wingtip vortex, a
few chord lengths or more behind the wing, can be approximated
as a single vortex of strength 0wt which is given by

0wt D
Z b=2

z D 0

°t .z/ dz (8)

Using Eqs. (5) and (7) in Eq. (8) gives

0wt D ¡2bV1CLw

¼ RAw

1X

n D 1

Bn

B1

Z ¼

µ D ¼=2

n cos.nµ / dµ (9)
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Fig. 3 Vortex model used for estimating the downwash a few chord
lengths or more aft of an unswept wing.

Performing the indicated integration, we have

0wt D 2bV1CLw

¼ RAw

1X

n D 1

Bn

B1
sin

³
n¼

2

´
(10)

When computing the downwash a few chord lengths or more
downstream from a � nite wing, we can approximate the rolled-up
vortexsheetas a singlehorseshoe-shapedvortex� lamentof strength
0wt, as shown in Fig. 3. The distance between the trailing vortices
b0 is less than the wingspan because the vortex sheet from each
side of the wing rolls up around the center of vorticity, which is
somewhat inboard from the wingtip. The horseshoe � lament starts
an in� nite distancedownstreamfrom a point slightly inboard of the
left wingtip, .1; 0; b0=2/, and runs upstream along the left wingtip
vortex to the left wing, .0; 0; b0=2/. From there it runs across the
wing quarter-chord to a point slightly inboard of the right wingtip,
.0; 0; ¡b0=2/, and then downstream along the right wingtip vortex
to in� nity, .1; 0; ¡b0=2/. From the Biot–Savart law, the y-velocity
component induced at any point (x , y, z) by this entire horseshoe
vortex is

Vy.x; y; z/
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Because the vortex sheet shed from each semispan of the wing rolls
up about the center of vorticity, we have

1

2
b0 D

R b=2

z D 0
z°t .z/ dz

R b=2

z D 0
°t .z/ dz

(12)

Using Eq. (8) in Eq. (12) gives

b0 D 2

0wt

Z b=2

z D 0

z°t .z/ dz (13)

When Eqs. (5), (7), and (10) are applied, this can be rewritten as

b0 D b

(
1X

n D 1

nBn

Z ¼

µ D ¼=2

cos.nµ / cos.µ/ dµ

,"
1X

n D 1

Bn sin

³
n¼

2

#́)

(14)

The integration with respect to µ in Eq. (14) is readily carried out
to give

Z ¼

µ D ¼=2

cos.nµ/ cos.µ/ dµ D

8
>><

>>:

¼

4
; n D 1

cos.n¼=2/

.n2 ¡ 1/
; n 6D 1

(15)

Using Eq. (15) in Eq. (14) results in

b0 D b

("
¼

4
C

1X

n D 2

n Bn

.n2 ¡ 1/B1
cos

³
n¼

2

#́,"

1 C
1X

n D 2

Bn

B1
sin

³
n¼

2

#́)

(16)

Because the downwash is small compared to the freestream ve-
locity, the downwash angle can be closely approximated as the
downwash velocity divided by the freestream velocity. Thus, when
Eqs. (10) and (16) are applied to Eq. (11), the downwash angle a
few chord lengths or more downstream from an unswept wing is
approximated as

"d . Nx; Ny; Nz/ »D ¡Vy . Nx; Ny; Nz/=V1 D .·v· p=·b/.CLw=RAw/ (17)

where

·v D 1 C
1X

n D 2

Bn

B1
sin

³
n¼

2

´
(18)

·b D

("
¼

4
C

NX

n D 2

nBn
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1 C
NX
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B1
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³
n¼

2

#́)

(19)

·p. Nx; Ny; Nz/

D 1

¼ 2

(
·b.·b ¡ Nz/

Ny2 C .·b ¡ Nz/2

"

1 C
Nxp

Nx2 C Ny2 C .·b ¡ Nz/2

#

C ·b Nx
Nx2 C Ny2

"
·b ¡ Nzp
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#
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1 C
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(20)

The dimensionlessparameters ·v and ·b depend on the planform
shape of the wing. For an elliptic wing, all of the coef� cients Bn in
the in� nite series solution, except for the � rst, are zero. Using this
with Eq. (18), we � nd that ·v is 1.0 for an elliptic wing. Thus, from
Eqs. (10) and (18), we see that the vortex strength factor ·v is the
ratio of the wingtip vortex strength to that generated by an elliptic
wing having the same lift coef� cient and aspect ratio. The vortex
span factor ·b is de� ned as the spacingbetween the wingtip vortices
divided by the wingspan. Both ·v and ·b were determined analyti-
cally from the series solution to Prandtl’s lifting-line equation. For
an elliptic wing with no sweep, dihedral, or twist, ·v is 1.0 and ·b

is ¼=4. For an unswept tapered wing with no dihedral or twist, ·v

and ·b are related to the aspect ratio and taper ratio as is shown in
Figs. 4 and 5.
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Fig. 4 Wingtip vortex strength factor as predicted from the series
solution to Prandtl’s lifting-line theory.

Fig. 5 Wingtipvortex span factor as predicted from the series solution
to Prandtl’s lifting-line theory.

The dimensionlessparameter· p is a position factor that accounts
for spatial variations in downwash. As a � rst approximation, the
variation in downwashalong the spanof the horizontaltail is usually
neglected. The downwash for the entire tail is typically taken to be
that evaluated at the aerodynamiccenter. For a symmetric airplane,
the aerodynamic center of the tail is in the plane of symmetry. The
change in the downwash with respect to the spanwise coordinate
is zero at the aircraft plane of symmetry. Furthermore, the span of
the horizontal tail is usually small compared to that of the wing.
Thus, the downwash is often fairly uniform over this span, and a
reasonable � rst approximation for the downwash on an aft tail is
found by setting the dimensionless spanwise coordinate Nz equal to
zero in Eq. (20). This gives the relatively simple relation

·p. Nx; Ny; 0/ D
2· 2

b

¼ 2
¡

Ny2 C ·2
b

¢
"

1 C
Nx
¡

Nx2 C 2 Ny2 C · 2
b

¢

. Nx2 C Ny2/
p

Nx2 C Ny2 C ·2
b

#

(21)

The tail position factor ·p depends on the planform shape of the
wing and the position of the tail relative to the wing. The variation
of ·p with tail position in the plane of symmetry is shown in Fig. 6.
The planformshape of the wing affects the value of · p only through
its effect on ·b . Thus, for a main wing with no sweep or dihedral, the
value of ·p in the plane of symmetry is a unique function of Nx=·b

and Ny=·b , as shown in Fig. 6.
Notice from Figs. 4 and 5 that the planform shape of the main

wing has a very signi� cant effect on the downwash induced on an

Fig. 6 Effect of tail position on the downwash angle in the plane of
symmetry aft of an unswept wing.

Fig. 7 Vortex model used for estimating the downwash a few chord
lengths or more aft of a swept wing.

aft tail. Similar results were observed empirically by Hoak,15 but
are not accounted for in the model proposed by McCormick.19

Approximate Correction for Swept Wings
Sweep in the main wing also has a signi� cant effect on the down-

wash induced on an aft tail. Sweep affects this downwash in three
ways. Because sweep changes the spanwise vorticitydistributionon
the wing, it changes the strength of the wingtip vortices for a given
lift coef� cientandaspect ratio.This samechangein the vorticitydis-
tributionwill also change the locationof the centerof vorticityin the
vortex sheet shed from each semispan.Because each wingtip vortex
rolls up around the center of vorticity from one side of the wing,
wing sweep affects the spacing of the wingtip vortices. Because
wing sweep affects both the strength and spacing of the wingtip
vortices, sweep in the main wing will affect both ·v and ·b . More
signi� cantly, sweep in the main wing affects the downwash on an
aft tail through a simple change in proximity of the wing surface to
the tail. As the wing is swept back, the outboardportionsof the wing
are brought closer to the tail, as is shown in Fig. 7. This places the
bound portion of the vortex system closer to the aft tail and, thus,
changes the downwash induced on the tail.

Unfortunately,the series solutionto Prandtl’s classical lifting-line
equation does not apply to a swept wing. No closed-form solution
for the spanwise vorticity distribution on a swept wing has ever
been obtained. In the absence of such a solution for this vorticity
distribution,it is not possibleto obtaina closed-formsolutionfor the
variation of ·v and ·b with sweep. Neglecting the effects of sweep
on ·v and ·b is quite restrictive, and such results should be used
with extreme caution for highly swept wings. Nevertheless, if we



604 PHILLIPS ET AL.

are willing to neglect the effect of sweep on ·v and ·b , it is possible
to obtain a closed-form approximationfor the proximity effect that
results from moving the bound vortex closer to the aft tail when the
wing is swept back.

This approximation is based on the vortex model suggested by
McCormick,19 which is shown here in Fig. 7. With this model, the
boundvorticityis approximatedas two straightvortexlinesegments,
one aligned with the quarter-chordof each semispan. Each wingtip
vortexis modeledas a semi-in� nite linevortextrailingfrom thewing
at the center of shed vorticity. In reality, the direction of the trailing
wingtip vortices is determined by the geometry of the airplane, the
angle of attack, and the downward de� ection of the vortex system,
which is causedby thedownwashthat is inducedononevortexby the
other. However, this level of sophistication is hardly justi� ed when
one considers the approximate nature of the other aspects of this
vortex model. Instead,we shall simply assume that wingtip vortices
trail downstream from the wing quarter-chordat the center of shed
vorticity in a direction parallel to the x axis. In the development of
Prandtl’s classical theory, this same approximation was used.

With these approximations, the vorticity generated by a lifting
swept wing is modeled as four straight vortex line segments, all of
which fall in the x –z plane as shown in Fig. 7. By the application
of the Biot–Savart law to this vortex system, in a manner similar
to that used to obtain Eq. (11), the downwash in the aircraft plane
of symmetry can be evaluated. If we continue with the assumption
that the downwash is small compared to the freestreamvelocity, the
result can be rearrangedsuch that the downwash angle in the aircraft
plane of symmetry a few chord lengths or more downstream from
a swept wing is approximated as

"d. Nx; Ny; 0/ »D
¡Vy. Nx; Ny; 0/

V1
D

·v· p·s

·b

CLw

RAw

(22)

where

·s D

"
1 C

Nx ¡ Ns
Nt

C
Nx.Nr C Nt/

¡
Nt 2
0 ¡ Nx2

¢

Nr Nt. Nr Nt C Nr 2 ¡ Nx Ns/

#,"
1 C

Nx
¡
Nr 2 C Nt2

0 ¡ Nx2
¢

Nr 2 Nt0

#

(23)

Nr ´
p

Nx2 C Ny2 (24)

Ns ´ ·b tan 3 (25)

Nt ´
p

. Nx ¡ Ns/2 C Ny2 C · 2
b (26)

Nt0 ´
p

Nx2 C Ny2 C ·2
b (27)

The wing sweep factor ·s depends on the planform shape of the
wing and the position of the tail in addition to the quarter-chord
sweep angle 3. However, as was the case for ·p , the planformshape
of the wing affects the value of ·s as predicted by Eq. (23) only
through its effect on ·b . Thus, in the aircraft plane of symmetry, ·s

is found to be a unique function of 3, Nx=·b , and Ny=·b . The variation
in ·s with axial tail position is shown in Fig. 8, for several values
of wing quarter-chord sweep and tail height. The results shown in
Fig. 8, for the case y D 0, agree exactlywith the results presentedby
McCormick19 for the specialcase of an elliptic planform shape, that
is, ·b D ¼=4. However, McCormick states that the sweep correction
“does not depend signi� cantly on the tail height,” and he suggests
that the zero height solution may be used in general. Figure 8 does
not support that statement.

Experimental Procedure and Uncertainty
As part of the process of validating the analytical solution pre-

sented here, experiments were conducted in the low-speed wind
tunnel at Utah State University’s Aerodynamics Research Labora-
tory. The tunnel is an in-draft type with a 1:2 £ 1:2 m test section
and an inlet contraction ratio of 9:1. A 200-hp three-phase electric
motor with a computer controlled variable frequency drive rotates

Fig. 8 Effect of wing sweep on the downwash in the plane of symmetry
aft of the main wing.

the 1.83-m-diam variable pitch propeller.Maximum speed capabil-
ity of the tunnel is 50 m/s with a correspondingturbulence intensity
of less that 0.5%. Experiments were performed at a tunnel velocity
of 25 m/s corresponding to a chord Reynolds number of 1:7 £ 105.

A rectangularplanformNACA 0015 wing with roundedend caps
was used in this study. The wing chord of 12.7 cm and span of
66.0 cm gave an aspect ratio of 5.2. The relative positioning ac-
curacy of wing incidence was §0.1 deg. Note that the accuracy
of the absolute incidence angle is not reported because the results
are presented in terms of change in downwash angle with respect
to changes in wing incidence, which is independent of the abso-
lute incidence angle. The wing was mounted at the vertical center
of the test section on two vertical struts extending from a splitter
plate located 10 cm above the tunnel � oor. The struts were attached
to the wing at quarter-chord positions with a symmetric spanwise
separation of 18 cm.

Downwash angle and velocity measurements were obtained us-
ing a TSI 1240-20x-type hot-� lm probe and a TSI IFA300 constant
temperature anemometer system. The mean velocity results pre-
sented in this study are based on an average of 214 samples per data
point acquired at a sample rate of 2000 Hz for a total sample pe-
riod of 8.192 s. The sample period was de� ned by the minimum
period beyond which the statistical quantities remain constant and
repeatable. Calibration of the hot-wire probes was accomplished
with a TSI Model 1129 automatic air velocity calibrator using 11
points to cover a velocity range of 0–30 m/s. The mean standard
errors of the velocity calibration are as follows: less than 2% for
velocities between 0 and 1 m/s, less than 1% for velocities between
1 and 8 m/s, and less than 0.5% for velocities greater than 8 m/s.
The probe was calibratedover a pitch angle range of §30 deg using
5-deg increments at a velocity of 23.0 m/s. Several recalibrations
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were required to maintain the accuracy of the velocity results and
they occurred at least within 24 h of any test results reported in
this study. The freestreamdynamic pressurewas determined from a
pitot-staticprobe located upstream of the model. Dynamic pressure
was converted to tunnel velocity using real-time ambient pressure
and temperature measurements.

The streamwise origin of the coordinate system is located at the
aerodynamic center of the wing section, whereas the origin of the
transverse axis is de� ned by the location of the trailing vortex at
the streamwise measurement location. Hence, the transverseorigin
is a functionofwing incidence.The transverseoriginat each stream-
wise measurement location was determined by x-sensor traverses
near the spanwise positions of the wingtips.

Downwash velocity components were obtained using traverses
from 2y=b D 0:00 to 0.46 with an increment of 0.019 at three span-
wise locations, 2z=b D ¡0:077, 0.0, and 0.077. The reported results
represent a spatial average over the spanwise measurement range.
The area based solid blockageof the wind tunnel, includingsupport
struts, varied from 2.5 to 3.1% over the tested angle-of-attackrange
of 2.0–8.0 deg. Because the solid blockagewas small and varied lit-
tle over the angle-of-attack range covered, the reported downwash
results were not corrected for tunnel wall interference, and tunnel
upwash corrections were not applied. This is justi� ed because the
resultsarepresentedin termsof a relativechangein downwashangle
with respect to change in wing incidence at a � xed measurement lo-
cation.Because therewas very little variationin solidblockageover
the angle-of-attackrange covered, any upwash due to imperfections
in the tunnel walls should not change signi� cantly with wing angle
of attack. Thus, any � ow angularity caused by the tunnel walls was
assumed to be independentof wing incidence.Althoughsuch tunnel
upwash has a signi� cant effect on the magnitude of the downwash
angle measured aft of the wing, it should not signi� cantly affect the
measureddownwash gradient,which is determined from the change
in downwash angle measured at different angles of attack.

Results
To validate the spatial variation in downwash predicted by the

proposedanalytical solution, results obtained from this model were
comparedwith the experimentalwind-tunneldata.The solutionwas
also compared with the empirical correlation of Hoak15 and the
analytical method proposed by McCormick.19 These comparisons
are shown in Figs. 9–13 for the unswept rectangular wing that was
described in the preceding section.The data collected in the present
study were restricted to a single wing of aspect ratio 5.2 and taper
ratio 1.0. Although this allows us to examine the accuracy of the
proposed method for predicting the spatial variation in downwash,
little can be inferred from these data about the ability of the model
to predict the effects of wing planform.

Fig. 9 Downwash in the plane of symmetry aft of a rectangular wing
of aspect ratio 5.2, at Åx = 0.5.

Fig. 10 Downwash in the plane of symmetry aft of a rectangular wing
of aspect ratio 5.2, at Åx = 0.75.

Fig. 11 Downwash in the plane of symmetry aft of a rectangular wing
of aspect ratio 5.2, at Åx = 1.0.

Fig. 12 Downwash in the plane of symmetry aft of a rectangular wing
of aspect ratio 5.2, at Åx = 1.5.
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Fig. 13 Downwash in the plane of symmetry aft of a rectangular wing
of aspect ratio 5.2, at Åx = 2.0.

Fig. 14 Effects of taper ratio on the downwash in the plane of symme-
try aft of a tapered wing.

To examine how well the present model predicts the effects of
wing planform shape, the proposed solutionwas compared with the
empirical correlation of Hoak.15 Because the empirical correlation
was taken from experimentaldata, it should be reasonablyaccurate,
at least over the range of parameters for which the correlation was
obtained.Figure 14 shows a comparison between the empirical cor-
relation and the present analytical solution for taper ratios from 0.0
to 1.0. This comparison is based on the downwash one semispan
directly aft of the center of a wing with aspect ratio 6.0. The result
predicted by the analytical method of McCormick19 is also shown
in Fig. 14. Similar comparisons showing the effect of aspect ratio
and sweep are presented in Figs. 15 and 16.

In the region very close behind the wing, both the present analyt-
ical solution and the empirical correlation15 begin to deviate from
the experimentaldata obtained in the current study. Because the em-
pirical correlation was developed for prediction of the downwash
gradient on an aft tail, it is not likely that any attempt was made to
correlate data that were taken very close behind the wing. The devi-
ation between the experimental data taken close to the wing and the
presentanalyticalmodel is likelya result of the approximatemanner
in which lifting-linetheory handles the bound vorticity.The present
analytical model neglects the streamwise distance required for the
shed vorticity to roll up and form the wingtip vortices. The model
assumes a single wingtip vortex shed from the wing quarter-chord

Fig. 15 Effects of aspect ratio on the downwash in the plane of sym-
metry aft of a rectangular wing.

Fig. 16 Effects of sweep on the downwash in the plane of symmetry
aft of a wing with no taper.

as shown in Fig. 3. This model should not be expected to give accu-
rate results for locations very close to the wing, and it is tempting
to blame the errors that occur close to the wing on our failure to
account for the transition region of partial vortex rollup. However,
as will be demonstrated, this is not the case.

To examine how vortex rollup affects the downwash angle aft of
the wing, we can compare results computed from the presentmodel
with those obtained from the classical lifting-line model, which
neglects all vortex rollup, as shown in Fig. 1. From the classical
lifting-line solution, the downwash angle induced by the unrolled
vortex sheet at an arbitrary point in space is given by

"d. Nx; Ny; Nz/ D
CLw

RAw

NX

n D 1

Bn

¼ 2 B1

Z ¼

µ D 0

»
n cos.nµ/[Nz C cos.µ/]

Ny2 C [Nz C cos.µ/]2

C
n Nx cos.nµ/[Nz C cos.µ/]

f Ny2 C [Nz C cos.µ/]2gf Nx2 C Ny2 C [Nz C cos.µ/]2g 1
2

C
Nx sin.nµ/ sin.µ/

f Nx2 C Ny2 C [Nz C cos.µ /]2g 3
2

¼
dµ (28)

The integration required to evaluate this expression for an arbitrary
point in space is quite complex and will not be addressed here.
However, for largedistancesdirectlydownstreamfrom the spanwise
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midpoint of the wing, integration of Eq. (28) yields a very simple
result for the far-� eld downwash with no vortex rollup,

"d .1; 0; 0/ D 2

¼

"

1 C
NX

n D 2

n Bn

B1
sin

³
n¼

2

´#
CLw

RAw

(29)

From Eqs. (17) and (20), the far-� eld downwash including vortex
rollup is given by

"d.1; 0; 0/ D
¡
4·v

¯
¼ 2·b

¢
.CLw=RAw/ (30)

For the special case of an elliptic wing, Eq. (29) reduces
to Eq. (4) and the far-� eld downwash with no vortex rollup
would be "d.1; 0; 0/RAw=CLw D 2=¼ . From Eq. (30), the far-
� eld downwash for an elliptic wing including vortex rollup
is "d.1; 0; 0/RAw=CLw D16=¼ 3 . Similarly, for a rectangular
wing of aspect ratio 6.0, neglecting vortex rollup gives
"d .1; 0; 0/RAw=CLw D 0:464, and including vortex rollup yields
"d .1; 0; 0/RAw=CLw D 0:417.For a taperedwingof aspectratio6.0
and taper ratio 0.5, Eq. (29) results in "d.1; 0; 0/RAw=CLw D 0:743
and Eq. (30) predicts "d .1; 0; 0/RAw=CLw D 0:523. Thus, we see
that complete vortex rollup reduces the far-� eld downwash by
10–30%,dependingon the planformshapeof the wing. In the region
close behind the wing, we would expect the partial vortex rollup to
reduce the downwash somewhat, but the reduction should be less
than that predicted under the assumption of complete vortex rollup.
As a result, the rollup approximation used in the present analytical
model tends to underpredict the downwash induced by the trailing
vorticity in the region close behind the wing. However, the approxi-
mate manner in which the presentmodel handles the bound vorticity
tends to overpredict the downwash induced by the bound vorticity
in the region close behind the wing. Thus, the effects of these two
approximations tend to cancel, and the model agrees closely with
both the empirical correlation of Hoak15 and the present experi-
mental data for tail positions as close as two chord lengths aft of the
wing. For example, the comparison shown in Fig. 10 corresponds
to x=cw D 1:95. In the region less than two chord lengths aft of the
wing, the downwash is affected more by the bound vorticity than
by the trailing vorticity, and the present model will overpredict the
downwash gradient.

For locations far aft of the wing, the empiricalcorrelation15 again
shows some deviation from the current wind-tunnel data, whereas
the proposedanalyticalmodel appears to better represent the exper-
imental mean in this region. Here again, because such locations are
outside the region where an aft tail would typically be encountered,
it is not likely that the empirical correlation15 is based on data that
were taken far aft of the wing. On the other hand, the lifting-lineap-
proximationused in the presentanalyticalmodel shouldbe expected
to improve with increasing distance from the wing.

In Fig. 14, it is seen that the empirical correlation15 and the pro-
posed analytical model agree very closely for taper ratios in the
range from about 0.3 to 1.0. For taper ratios less than 0.3, the an-
alytical model begins to deviate signi� cantly from the empirical
correlation.15 Becausetaper ratios less than 0.3arenot typicallyused
for subsonicaircraft, it is very doubtful that wings of such severe ta-
per were used in the developmentof this empirical correlation.15 In
any case, taper ratios less than 0.3 are of no practical importance for
low-speed aircraft. Because the analytical model of McCormick19

is based on an elliptic wing planform, Fig. 14 shows no variation in
this result with taper ratio.

When the effects of aspect ratio are examined, Fig. 15 shows
almost perfect agreement between the proposed analytical model
and the empirical correlation,15 for aspect ratios between 4 and 20.
Because the analytical model presented here is based on lifting-
line theory, it should not be expected to give accurate results for
aspect ratios less than about four. The analytical model proposed
by McCormick19 also correctly predicts the effects of aspect ratio.
The discrepancy that is seen in Fig. 15 for this model is the result
of wing planform, not aspect ratio.

As can be seen in Fig. 16, the effect of sweep is not large, over
the range of sweep typicallyencounteredin subsonicairplanes.Fur-

thermore, agreement between the empirical correlation15 and the
proposed analyticalmodel appears to be reasonablygood for sweep
angles less than 30 deg.

Conclusions
From the results presented here, it can be seen that the proposed

analytical model agrees very closely with both the empirical cor-
relation of Hoak and with the present experimental data, over the
range of spatial coordinates where an aft tail might typically be lo-
cated. This should give some con� dence in the model, at least for
the prediction of downwash on an aft tail.

Because the analytical model proposed here agrees very closely
with the empirical correlation of Hoak, a question may naturally
arise in the mind of the reader. That is, what advantage does the
present analytical model provide? The answer is quite simple. The
analytical model proposed by McCormick is valid only for an el-
liptic wing and the empirical correlation of Hoak applies only to
a tapered wing with no geometric or aerodynamic twist. The ana-
lytical model proposed here, on the other hand, can be used for a
wing with completelyarbitrary spanwise variations in chord length,
section geometric angle of attack, and section zero-lift angle of at-
tack. For example, the present model can be used to predict the
effects of double taper, washout, and other spanwise variations in
the wing sectionproperties.Furthermore,thecomputationsrequired
for this model are simple enough to be carried out on a modern pro-
grammable calculator.
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